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Aggregate Planning


 Aggregate Planning

Graphical Approach

Example: Must develop an aggregate plan for a specialty automobile manufacturer over the next four quarters. There is an inventory of 25 cars available at the beginning of the first quarter. Production hours are used as the aggregate production unit (at the rate of 20 hours / car).

	Demand:
	Equivalent
	Cumulative

	Quarter
	Forecast (cars)
	Production Units
	Production Units

	
	
	
	

	First
	150
	3000
	3000

	Second
	250
	5000
	8000

	Third
	200
	4000
	12000

	Fourth
	100
	2000
	14000


	Resource Capacity:
	Cumulative
	Adjusted Cum.*

	Quarter
	Regular Time
	Overtime
	Cumulative Regular plus Overtime
	Regular plus Overtime

	
	
	
	
	

	First
	3500
	1000
	4500
	5000

	Second
	3500
	1000
	9000
	9500

	Third
	3500
	1000
	13500
	14000

	Fourth
	3500
	1000
	18000
	18500


* Adding beginning inventory of 25 x 20 = 500 production hours

Plotting example cumulative demand and capacity gives GRAPH 1 on the next page.

Aggregate Production Plans


GRAPH 1
GRAPH 2



Assume the specialty automobile manufacturer restrictions or constraints on feasible aggregate plans require:

a. No more than ( 1500 hours / quarter change in production rate in any one quarter.

b. Maximum inventory on hand at the end of any quarter is 1000 hours

c. Maximum shortage in inventory at the end of any quarter is 1000 hours.

Assume production rate in the period before the start of the first quarter is 3500 hours / quarter.

Consider two alternative aggregate plans (see GRAPH 2)

	Alpha
	Production
	Adjusted* Cum. Production
	
	Beta
	Production
	Adjusted* Cum. Production

	
	
	
	
	
	
	

	1st Quarter
	3500
	4000
	
	1st Quarter
	3000
	3500

	2nd Quarter
	3500
	7500
	
	2nd Quarter
	4500
	8000

	3rd Quarter
	3500
	11000
	
	3rd Quarter
	4000
	12000

	4th Quarter
	3500
	14500
	
	4th Quarter
	2500
	14500


* Adding beginning inventory of 500 production hours

“Costing out” production plans

Assume the following set of costs for the specialty manufacturer:

a. Regular time (first 3500 hours / quarter) - $ 200 / hour

     Overtime (next 1000 hours / quarter) - $ 300 / hour

b. Cost of production rate increase - $ 10 / hour increase

     Cost of production rate decrease - $ 20 / hour decrease

c. Cost of carrying inventory - $ 40 / hour on average inventory on hand during quarter

     Cost of shortage - $ 80 / hour on average number of hours short during quarter

d. Materials / overhead cost of $ 125 / hour for both regular and overtime production

e. Revenue of $ 400 / hour for forecasted demand

	Alpha
	PER.
	FD
	CD
	RGP
	OTP
	( PROD.
	VNP
	CP
	Adj. CP
	INV./ BKO

	
	0
	
	
	3500
	0
	
	
	
	
	

	
	1st Qtr
	3000
	3000
	3500
	0
	0
	0
	3500
	4000
	1000

	
	2nd Qtr
	5000
	8000
	3500
	0
	0
	0
	7000
	7500
	-500

	
	3rd Qtr
	4000
	12000
	3500
	0
	0
	0
	10500
	11000
	-1000

	
	4th Qtr
	2000
	14000
	3500
	0
	0
	0
	14000
	14500
	500


	Alpha
	PER.
	RTPC
	OTPC
	INV/BKOC
	VENDC
	( PC
	MOHC
	TC
	PFT

	
	
	
	
	
	
	
	
	
	

	
	1st Qtr
	700 K
	0
	30K
	0
	0
	437.5K
	1167.5K
	32.5K

	
	2nd Qtr
	700 K
	0
	40K
	0
	0
	437.5K
	1177.5K
	822.5K

	
	3rd Qtr
	700 K
	0
	60K
	0
	0
	437.5K
	1197.5K
	402.5K

	
	4th Qtr
	700 K
	0
	50K
	0
	0
	437.5K
	1187.5K
	-387.5K


Total profit for plan alpha = 870 K

	Beta
	PER.
	FD
	CD
	RGP
	OTP
	( PROD.
	VNP
	CP
	Adj. CP
	INV./ BKO

	
	
	
	
	3500
	0
	
	
	
	
	

	
	1st Qtr
	3000
	3000
	3000
	0
	-500
	0
	3000
	3500
	+500

	
	2nd Qtr
	5000
	8000
	3500
	1000
	+1500
	0
	7500
	8000
	0

	
	3rd Qtr
	4000
	12000
	3500
	500
	-500
	0
	11500
	12000
	0

	
	4th Qtr
	2000
	14000
	2500
	0
	-1500
	0
	14000
	14500
	+500


	Beta
	PER.
	RTPC
	OTPC
	INV./ BKOC
	VENDC
	( PC
	MOHC
	TC
	PFT

	
	
	
	
	
	
	
	
	
	

	
	1st Qtr
	600 K
	0
	20 K
	0
	10 K
	375.0 K
	1005.0 K
	195.0 K

	
	2nd Qtr
	700 K
	300 K
	10 K
	0
	15 K
	562.5 K
	1587.5 K
	412.5 K

	
	3rd Qtr
	700 K
	150 K
	0
	0
	10 K
	500.0 K
	1360.0 K
	240.0 K

	
	4th Qtr
	500 K
	0
	10 K
	0
	30 K
	312.5 K
	852.5 K
	-52.5 K


Total profit for plan Beta = 795 K.

Aggregate Planning

Analytical Models

Transportation Model - Bowman

Minimize
Z = 


Subject to


 ( Bij
(i= 1, 2,..., m ; j= 1, 2,..., T)




= Dk
(k= 1, 2,..., T)


Pijk ( 0

(( i, j, k)

	Where
	Pijk ( number of units produced by source i in period j to meet demand requirement in period k.

	
	Cijk ( marginal cost of production of a unit by source i in period j and stored to period k.

	
	Bij ( production capacity of source i in period j.

	
	Dk ( forecasted demand requirement for the product in period k.

	
	m ( number of production sources.

	
	T ( number of periods in the planning horizon.

	
	Z ( total cost of production and carrying inventory over all periods.


With 
Cijk = Cr + (k-j) CI

k ( j
(if i is a regular time source)

or 
Cijk = Co + (k-j) CI

k ( j
(if i is an overtime source)

	Where
	Cr  ( cost per unit of regular time production

	
	Co ( cost per unit of overtime production

	
	CI ( inventory carrying cost per unit-period


Linear Programming Model - Hanssmann and Hess

Minimize
Z = 

[Ct Pt + CrtLrt + CotLot + htIt + WtSt + Cltl+t + C’ltl-t]

Subject to
NIt = NIt-1 + Pt - Dt 
(t= 1,2,..., T)


NIt = It - St

(t= 1,2,..., T)


Lrt = Lr, (t-1) + l+t - l-t
(t= 1,2,..., T)


Lot - Lut = mtPt - Lrt
(t= 1,2,..., T)


Pt, It, St, Lrt, l+t, l-t, Lot, Lut ( 0, (( t)

	Where
	Dt ( forecasted demand in period t

	
	Pt ( quantity to be produced in period t

	
	Ct ( unit production cost in period t (excluding labor)

	
	It ( on-hand inventory at the end of period t

	
	St ( back order quantity at the end of period t

	
	NIt ( net inventory level at the end of period t

	
	ht ( inventory carrying cost per unit held from period t to t+1

	
	Wt ( backorder cost per unit short from period t to t+1

	
	Lrt ( regular time worker-hours scheduled during period t

	
	Lot ( overtime worker-hours scheduled during period t

	
	Lut ( worker-hours allocated in excess of what is required to produce Pt

	
	Crt ( cost of a worker-hour of regular time during period t

	
	Cot ( cost of a worker-hour of overtime during period t

	
	mt ( number of worker-hours required per unit of Pt

	
	l+t ( increase in worker-hours from period t-1 to t

	
	l-t ( decrease in worker-hours from period t-1 to t

	
	C lt ( cost to increase the work-force level by one

	
	C’lt ( cost to decrease the work-force level by one

	
	T ( number of periods in the planning horizon

	
	Z ( total cost of production, labor, inventory, and work-force changes over all periods


Quadratic Cost Model [Linear Decision Rule] - Holt, Modigliani, Muth, and Simon

Minimize
Z = 

[(C1 - C6)Lt + C2(Lt - Lt-1 -C11)2 + C3 (Pt - C4Lt)2 + C5Pt


+ C12PtLt + C7(It - C8 - C9Dt)2 + C13]

Subject to
It = It-1 + Pt – Dt

(t = 1, 2,…, T)

	Where
	Lt ( work-force level (in workers) in period t

	
	Pt ( aggregate production rate in period t

	
	It ( actual net inventory at the end of period t

	
	Ci’s ( cost coefficients determined by regression over historical data


Regular time payroll:


regression fit of historical data


regular payroll = C1 Lt + C13
Overtime cost:


regression fit of historical data


overtime cost = C3(Pt - C4Lt)2 + C5Pt - C6Lt + C12PtLt
Work-force change cost:


regression fit of historical data


work-force level change cost = C2(Lt - Lt-1 - C11)2
Disaggregation of the Aggregate Plan

Bitran - Hax Approach

Example: Consider the specialty automobile manufacturer described in the graphical approach to aggregate planning example. Assume the manufacturer has adopted production plan Alpha - use 3500 production hours each quarter over the next four quarters.

Assume the manufacturer’s model line includes hardtop models A1 and A2 and convertible models B1 and B2. Forecasted demands for the four models in the two product families over the next four quarters are as follows:

	Model

	Quarter
	A1
	A2
	B1
	B2
	Total Demand During Quarter

	
	
	
	
	
	

	1st Quarter
	50
	30
	30
	40
	150

	2nd Quarter
	60
	40
	70
	80
	250

	3rd Quarter
	50
	30
	60
	60
	200

	4th Quarter
	40
	20
	20
	20
	100


Also assume the following set of data for the firm:

( Kij = 20 production hours / car for all models

( product family set up cost are: SA = $ 10,000 and SB = $ 15,000

( Sij = 0 for all models

( no more than n = 2 quarters of demand for any model will be held in inventory

( 5th quarter demands are assumed to equal 4th quarter demands

Assume that the manufacturer’s beginning inventory of 25 cars is divided among the product line as follows:

A1 : 8 cars
A2: 3 cars
B1: 5 cars
B2: 9 cars

1st Quarter: All item beginning inventory ( 1st Quarter demand ( Z( = {A, B}

Family Disaggregation

LBA = Max [0, 20(50-8+0)] + Max [0, 20(30-3+0)] = 1380

UBA = 20[(50+60)-8+0] + 20[(30+40)-3+0] = 3380

LBB = Max [0, 20(30-5+0)] + Max [0, 20[40-9+0)] = 1120

UBB = 20[(30+70)-5+0] + 20[(40 +80) -9+0] = 4120
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, since x*1 = 3500 a feasible solution exists
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Since 1380 ( 1631.21 ( 3380 ( yA*( = 1631.21

and 1120 ( 1869.79 ( 4120 ( yB*( = 1868.79

Item Disaggregation

for NA = 1, 20[50+0-8] + 20[30+0-3] = 1380 < yA*( ( NA( = 2

     NA = 2, 20[50+60-8] + 20[30+40-3] = 3380 > yA*(
for NB = 1, 20[30+0-5] + 20[40+0-9] = 1120 < yB*( ( NB( = 2

     NB = 2, 20[30+70-5] + 20[40+80-9] = 4120 > yB*(
EA( = 3380 - 1631.21 = 1748.78

EB( = 4120 - 1868.79 = 2251.21

yA1*( = [50+60] + 0 - 8 - 

 = 49.54 ( 50

yA2*( = [30+40] + 0 - 3 - 

 = 32.02 ( 32

yB1*( = [30+70] + 0 - 5 - 

 = 42.47 ( 42

yB2*( = [40+80] + 0 - 9 - 

 = 50.97 ( 51

Inventory Analysis in 1st Quarter

	Item
	Beginning Inventory
	Production
	Forecasted Demand
	Ending Inventory

	
	
	
	
	

	A1
	8
	50
	50
	8

	A2
	3
	32
	30
	5

	B1
	5
	42
	30
	17

	B2
	9
	51
	40
	20


2nd Quarter: All item beginning inventory ( 2nd Quarter demand ( Z( {A, B}

Family Disaggregation

LBA = Max [0, 20(60-8+0)] + Max [0, 20(40-5+0)] = 1740

UBA = 20[(60+50)-8+0] + 20[(40+30)-5+0] = 3340

LBB = Max [0, 20(70-17+0)] + Max [0, 20[80-20+0)] = 2260

UBB = 20[(70+60)-17+0] + 20[(80+60)-20+0] = 4660
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, since x*2 = 3500 a feasible solution does not exist

Assume relative costs of stock outs are equal, then

yA*( = 

 = 1522.50

yB*( = 

 = 1977.50

Item Disaggregation

for NA = 1, 20[60+0-8] + 20[40+0-5] = 1740 > yA*( ( NA( = 1

for NB = 1, 20[70+0-17] + 20[80+0-20] = 2260 > yB*( ( NB( = 1

EA( = 1740 - 1522.50 = 217.50

EB( = 2260 - 1977.50 = 282.50

yA1*( = [60] + 0 - 8 - 

 = 45.47 ( 45

yA2*( = [40] + 0 - 5 - 

 = 30.65 ( 31

yB1*( = [70] + 0 - 17 - 

 = 46.41 ( 46

yB2*( = [80] + 0 - 20 - 

 = 52.47 ( 53

Inventory Analysis in 2nd Quarter

	Item
	Beginning Inventory
	Production
	Forecasted Demand
	Ending Inventory

	
	
	
	
	

	A1
	8
	45
	60
	-7

	A2
	5
	31
	40
	-4

	B1
	17
	46
	70
	-7

	B2
	20
	53
	80
	-7


3rd Quarter: All item beginning inventory ( 3rd Quarter demand ( Z( {A, B}

Family Disaggregation

LBA = Max [0, 20(50-(-7)+0)] + Max [0, 20(30-(-4)+0)] = 1820

UBA = 20[(50+40)-(-7)+0] + 20[(30+20)-(-4)+0] = 3020

LBB = Max [0, 20(60-(-7)+0)] + Max [0, 20[60-(-7)+0)] = 2680

UBB = 20[(60+20)-(-7)+0] + 20[(60+20)-(-7)+0] = 3480


[image: image7.wmf]4500

3

=

å

Î

Z

i

i

LB

, 
[image: image8.wmf]6500

3

=

å

Î

Z

i

i

UB

, since x*3 = 3500 a feasible solution does not exist

With equal stock out costs, then:

yA*( = 
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Item Disaggregation

for NA = 1, 20[50+0-(-7)] + 20[30+0-(-4)] = 1820 > yA*( ( NA( = 1

for NA = 1, 20[60+0-(-7)] + 20[60+0-(-7)] = 2680 > yB*( ( NB( = 1

EA( = 1820 - 1415.56 = 404.44

EB( = 2680 - 2084.44 = 595.56

yA1*( = [50] + 0 - (-7) - 
[image: image11.wmf](
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Inventory Analysis in 3rd Quarter

	Item
	Beginning Inventory
	Production
	Forecasted Demand
	Ending Inventory

	
	
	
	
	

	A1
	-7
	44
	50
	-13

	A2
	-4
	27
	30
	-7

	B1
	-7
	52
	60
	-15

	B2
	-7
	52
	60
	-15


4th Quarter: All item beginning inventory ( 4th Quarter demand ( Z( {A, B}

Family Disaggregation

LBA = Max [0, 20(40-(-13)+0)] + Max [0, 20(20-(-7)+0)] = 1600

UBA = 20[(40+40)-(-13)+0] + 20[(20+20)-(-7)+0] = 2800

LBB = Max [0, 20(20-(-15)+0)] + Max [0, 20(20-(-15)+0)] = 1400

UBB = 20[(20+20)-(-15)+0] + 20[(20+20)-(-15)+0] = 2200
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, since x*4 = 3500 a feasible solution exists

yA = 
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since 1600 ( 1750 ( 2800 ( yA*( = 1750

and 1400( 1750 ( 2200 ( yB*( = 1750

Item Disaggregation

for NA = 1, 20[40+0-(-13)] + 20[20+0-(-7)] = 1400 < yA*( ( NA( = 2

      NA = 2, 20[40+40-(-13)] + 20[20+20-(-7)] = 2800 > yA*(
for NB = 1, 20[20+0-(-15)] + 20[20+0-(-15)] = 1400 < yB*( ( NB( = 2

      NB = 2, 20[20+20-(-15)] + 20[20+20-(-15)] = 2200 > yB*(
EA( = 2800 - 1750 = 1050.00

EB( = 2200 - 1750 = 450.00
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Inventory Analysis in 4th Quarter

	Item
	Beginning Inventory
	Production
	Forecasted Demand
	Ending Inventory

	
	
	
	
	

	A1
	-13
	58
	40
	5

	A2
	-7
	29
	20
	2

	B1
	-15
	44
	20
	9

	B2
	-15
	44
	20
	9


Master Production Schedule for the Forth Quarter Horizon with Aggregate Plan Alpha

	Model

Quarter
	A1
	A2
	B1
	B2

	
	
	
	
	

	1st Quarter
	50
	32
	42
	51

	2nd Quarter
	45
	31
	46
	53

	3rd Quarter
	44
	27
	52
	52

	4th Quarter
	58
	29
	44
	44
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